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BY A R N O L D E M C H . 
Preface. 
In presenting this paper the author has attempted to consider 
the subject of Perspective Coll ineations from the modern point of 
view of the theory of' groups. Hitherto coll ineation has always 
been treated either by means of descriptive geometry, or analytic 
geometry, and without reference to group properties. 
Sophus L ie ' s " V o r l e s u n g e n iiber Continuier l iche G r u p p e n , " 
which w i l l be chiefly referred to, treats.of the projective transforma-
tions of the plane of "which coll ineation is only a special case. 
There are five types of projective transformations in the plane 
under which a l l the groups can be subordinated, and it has been 
the aim of Professor Newson to* enumerate the projective groups 
of the plane by means of the synthetic method, and to classify 
them according to those five types. 
T h i s paper treats in the same manner the two types of trans-
formations that are known as perspective coll ineations. 
F o r suggestions i n the treatment of the subject the author is 
thankfully indebted to his collaborator, Prof. H . B . Newson. 
University of Kansas. 
A p r i l , 1895. 
A R N O L D E M C H . 
§1. Representation of Perspective Collineation.* 
If the corresponding lines a, a 1 ; /?, (31; y, y1; 3, 8 1 ; intersect 
each other on the line of intersection of the two planes tt and 7T1, 
and fulfill the further condition that a l l the connection-lines of 
^Perspective Col l ineat ion has the same moaning as the G e r m a n Centrische Collinea-
tion (Fiedler), or the F r e n c h homologie. 
(1) KAN. UNIV. QUAR., VOL. V, NO. 1, JULY, 189C. 
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corresponding points pass through one and the same point, the 
projectivity, thus produced, is perspective collineation. 
In the general case to the line 1, the line of intersection of the 
planes 7T and T T 1 , belonging to the plane T T , corresponds a line p i 
in the plane T T 1 , and to the line 1, belonging to the plane T T 1 , 
corresponds a line p in the plane TT . Connecting the corresponding 
points of 1 and p 1 , and of 1 and p two conies K 1 and K, in T T 1 and 
TT respectively, are produced which determine the projective trans-
formation. In the case of a perspective collineation, however, 
these two conies are indeterminate; since the lines p and p 1 coin-
cide with 1. W e can, therefore, choose any four points A , B , C, D, 
on 1, in?r, and connect them with their corresponding points A 1 , 
B 1 , C 1 , D 1 , inTr 1 , which coincide with the former, i . e., we can 
draw any four lines a 1 , b 1 , c 1 , d 1 ; in TT , through A , B , C, D , re-
spectively, which with 1 determine the conic K 1 . The conic K is 
determined by those lines a, b, c, d, in ir, which correspond to the 
lines a 1 , b 1 , c 1 , d 1 , according to the original conditions. 
Thus, the two conies K and K 1 are collinear and fully deter-
mine the collineation. Since K 1 touches the line 1, K touches 1 at 
the same point. As it wi l l be seen from this, the two conies K and 
K 1 characterizing the general projective transformation exist also 
in perspective collineation; but there is a multiplicity of two conies 
tangent to each other and tangent to the line 1 at the same point. 
As there are oo 4 conies tangent to 1 one and the same perspective 
collineation can always be represented by oo 4 combinations of such 
two conies. The line 1 is the axis of collineation, and the centre 
C of collineation is obtained by the intersection-point of the two 
other common tangents of the conies K and K 1 . 
W e are now ready to make the following statement: 
Theorem I. Each two conies tangent to each other determine a 
perspective collineation with the common tangent at their point of 
tangency as the axis and the intersection-point of their two other 
common tangents as the centre of collineation. 
The general theorem concerning the construction of collineation 
by means of two conies tangent to the same line, as well as this 
special theorem, are obtained in a natural way by studying the 
congruence of right lines (3. 1) formed by al l the right lines con-
necting corresponding points of two collinear planes in space. 
The focal surface of the congruence is a developable surface of the 
3. class, and its edge of regression a curve in space of the 3. order. 
Any two osculating planes of this curve intersect the surface in 
two conies which are tangent to their line of intersection. Desig-
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nating the points of intersection of any ray of the congruence with 
the two osculating planes as corresponding points, the two planes 
are collinear and we have immediately our general theorem if we 
revolve one of the osculating planes into the other about their 
line of intersection. In the case of a perspective- collineation 
the congruence is of the order i and the class o. The develop-
able surface is not determinate, so that we may choose a cone 
of the 2. class which with any two planes determines a perspective 
collineation. 
As in the general case of projectivity, to each point P the cor-
responding P 1 is obtained by drawing two tangents from P to the 
conic K which wi l l intersect the line 1 in two points; from these 
two points draw the tangents to the conic K 1 . Their point of 
intersection gives the required point P 1 . 
That this construction gives perspective collineation we can also 
prove without referring to the general case of projectivity. 
Assume the two conies K and K 1 in the required position 
(Fig . i ) and draw the common tangents t1 and t 2 which intersect 
each other in C. 
K and K 1 now belong to a system of conies tangent to tt and t2 
and to 1 at a fixed point T . The polars p, p 1 . . . .of C in regard 
to the conies K , K ^ . - . - o f the system, therefore, intersect each 
other in one and the same point S on 1, and if we draw any other 
line t through C which intersects K in A and B, and K l in A 1 and 
Ft J. 4, 
\ : — — ^ s 
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B 1 , the tangents in A and B to the conic K intersect in a point D 
of the polar p and those in A 1 and B 1 to the conic K* in a point 
D 1 of the polar p 1 . As is well known from synthetic geometry 
the points D and D 1 lie on a ray through C. Moreover, the tan-
gents in A and A 1 , and in B and B 1 meet in the line 1, hence, the 
points D and D 1 are obtained by our construction of the collinea-
tion. To every point corresponds one and only one point and both 
lie in a ray passing through the centre C. Two corresponding 
straight lines always meet in a point of the line 1. These two 
conditions, however, constitute perspective collineation and hold 
for any point, or line of the plane and their corresponding ele-
ments. 
In the next chapter we shall make those constructions which wi l l 
be necessary in the study of group-properties of perspective 
collineations. 
§2. Classification of Perspective Collineations. 
The two conies, K and K 1 , determining the perspective colline-
ation, being given we can ask for the line q 1 which corresponds to 
the infinitely distant straight line q. Drawing the two parallel 
tangents to the conic K from each point at infinity, and from their 
intersection-points with the axis 1 of perspective collineation tan-
gents to the conic K 1 , the points of q 1 are obtained by the intersec-
tion of each such pair of tangents to the conic K 1 . Conversely, 
there exists a straight line r whose corresponding line r 1 , or what 
is the same, q 1 , is at infinity. The lines q 1 and r may be called 
counter-axes (German " Gegenaxen ") of perspective collineation, 
and are parallel to the axis of collineation. 
In central projection and perspective the constructions are usu-
ally made by aid of the centre and axis and the counter-axes of 
perspective collineation. A perspective collineation is determined 
by centre and axis and any one of the counter-axes, and, as imme-
diately follows by construction, also by centre and axis and two 
corresponding points of the collineation. 
It is now of great importance to state the connection between 
these two determinations. 
Each perspective collineation transforms a ray through the centre 
into itself and also each point of the axis into itself. In other 
words, it leaves the points of the axis and the rays through the 
centre invariant. Each ray through the centre represents two 
coincident projective point-ranges, and each pencil of rays through 
a point of the axis two coincident projective pencils of rays. 
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Taking a ray s through the centre C, its corresponding ray s 1 is 
coincident with s and intersects the counter-axes q 1 and 
r in the two counter-points Q 1 and R of the ray (German 
"Gegenpunkte") . * Since C and L , L being the intersection-point 
of s with 1, correspond to themselves the following relation 
between these points and two pairs of corresponding points A , A 1 , 
and B, B 1 , on the ray s exists: (See F ig . 2.) 
( C L A B ) = ( C L A i B 1 ) , or 
C A . C B C A 1 . C B 1 
L A ' L B L A 1 ' L B 1 ' 
C A . C A 1 C B . C B 1 
L A 
or 
1. e. 
L A 1 L B L B 1 ' 
( C L A A 1 ) = ( C L B B 1 ) 
Substituting for the pair B, B 1 the pair Q, Q 1 , or R, R 1 , this 
last projectivity becomes: 
( C L A A 1 ) = ( C L Q Q 1 ) = ( C L R R 1 ) , or 
( C L A A ^ = ( C L OD Q 1 ) = ( C L R « ) , or 
O A . C A i _ . C Q * . C R = c o n s t 
L R L A L A 1 L Q 1 
*We avail ourselves of the designation of Fiedler In his "Darstel lendeGeometrle , " 
I. Band, and for the following classification especially refer to §22, page 95, of this 
book. 
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Thus, any pair of corresponding points in the perspective 
collineation has a constant relation to the counter-points, and we 
have the well known 
Theorem 2. Each pair of corresponding points on a ray through the 
centre forms a constant anharmonic ratio with the intersection-point of 
the ray with the axis of perspective collineation. 
Any point M on the axis 1 may be connected with the points C , 
L , Q, R, oo, A , A 1 , B, B 1 , and designating these rays by small 
letters, there is obviously 
(c laa 1 )=(c lbb t )=const . 
This fact can be stated as the dualistic of the above theorem, v i z : 
Theorem J . Each pair of corresponding rays through a point on 
the axis forms a constant anharmonic ratio with the ray through the 
centre and the axis of perspective collineation. 
We call this constant the characteristic anharmonic ratio of t h e 
perspective collineation and designate it by k.* B y aid of it a. 
classification of the perspective collineation can easily be made, 
and so far as it will be of avail for our further consideration we wi 11 
discuss the different cases of perspective collineation from t h i s 
point of view. Among al l the o o 1 values of k the special case 
k=—I deserves the greatest attention, and it shall be considered 
first, because it enables us at once to draw important conclusions 
from its combination with particular positions of the center, t h e 
axis, and the counter-axes of the perspective collineation. 
From the assumption k = — i follows: 
C Q i C R 
= — =—i or 
L Q i L R 
G Q ! = — L Q 1 , and C R = — L R ; i . e., 
the counter-points and therefore also the counter-axes are m i d w a y 
between C and L , and, therefore, coincide. For every pair o f 
corresponding points the relation exists: 
f C L A A ' V - i - C A . C A ' _ C A t _ _ C A 
( C L A A ) L A L A i ~ L X i ~ L A 
From this follows 
( C L A A i ) = — r = ( C L A * A ) and 
in a similar way: 
( c l a a 1 ) = — i = ( c l a 1 a ) , i . e., 
in this collineation the points and rays of each pair are i n t e r -
changeable. The collineation whose characteristic anharmonic 
ratio is k = — i is therefore involutoric. 
*This constant was first introduced Into Geometry by Fiedler. 
E M C H : PROJECTIVE GROUPS. 7 
The same result is also obtained by starting from the two conies 
K and K 1 which determine the collineation. F i g . 3 represents the 
involutoric position of the conies ( C A D A 1 ) — C B E B 1 ^ — 1 . 
The polars of C in regard to the conies K and K 1 intersect each 
other in S on 1. The polars of S in regard to K and K 1 pass 
therefore through T, the common point of tangency of the conies 
with 1, and through C, i . e., they are identical. Hence the point T 
is the intersection-point of and A i B ; ( S E T D ) = — 1 . Thus, 
designating the points of tangency of the common tangents to the 
conies by A , A 1 and B , B 1 , the conies are in involutoric position, 
if their common point of tangency with 1, T , coincides with the 
intersection-point of KB1 and A ^ B . 
Besides involution we have to consider those collineations which 
result from special positions of the centre and axis of perspective 
collineation, or what is the same, from special positions of the 
conies K and K 1 . 
In the following development it would not be necessary 
to take conies K and K 1 into consideration. W e shall do it 
here in order to show how the representation of special collineations 
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is made by means of those conies. For the arrangement we r e f e r 
to the book of Fiedler already mentioned. 
(a). The conies K and K 1 have two parallel, common tangents, 
such that the centre C is at infinity (Fig . 4). There is 
k = ( OD L A A ^ z - ^ c l a a 1 ) , or 
For the counter-points there is 
k = ( 00 L 00 Q 1 ) = ( 00 L R « ) , 
i . e., Q 1 and R are at infinity. The counter-axes q 1 and r f o r m 
two coincident point-ranges of which the centre and the point a t 
infinity of the axis are the double-points. Parallel straight l i n e s 
have parallel corresponding lines. Such a collineation is c a l l e d 
affinity, or dilation. * 
*The word affinity is used in Mobius 1 " Barycentrischer C a l c u l . " 
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(b). If K and K 1 have two parallel common tangents, and 
k = — i , i . e., if the collineation is dilation and involution (Fig. 5), 
there is: 
( a> L A A 1 ) - ^ — 1 , or 
L A 1 = — L A ; (c laa 1 )^—1. 
C i 00 
Cs 00 
7—=\ 
£ ./. JA J 
/N / \ 
/I ^ / ? 
/ \ > 
/ \ > 
/ \ / V / * i / Ss/ 
y KK 
Each pair of corresponding points lies in a fixed direction and 
is equidistant from the axis. The ranges in corresponding straight 
lines are symmetric with the centre of symmetry in the axis. Cor-
responding triangles have the same area. This collineation is 
called oblique, or orthogonal symmetry in regard to the axis, accord-
ing as the direction of the centre is oblique, or orthogonal to the 
axis. 
(r). K and K 1 have two parallel common tangents and k = + i . 
In this case one of the conies of involution is revolved about the 
axis through 180 ° , (F ig . 5). The centre is at infinity and its 
direction is parallel to the axis. In such a collineation corres-
ponding figures have equal areas and it is therefore called the affinity 
of figures of equal areas. 
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It is also obtained by revolving one half-plane of oblique symme-
try into the other. Corresponding points lie always on the same 
side of "the axis and are, as in the previous case, equidistant from 
the axis. 
(d). A s the previous cases, (a), (//), (V), were characterized by 
the assumption of the centre C being at affinity, there remains to 
consider the collineation with an infinitely distant axis. Obviously 
the conies K and K 1 become coaxial parabolas which intersect 
each other either in two finite real, or two imaginary points 
(Fig. 6). There is 
k = ( C oo A A r ) = : C A : C A * = ( C oo a a 1 ) ; 
the distances of corresponding points from the centre have a con-
stant ratio and form similar ranges. 
Corresponding straight lines are parallel, and corresponding 
ranges similar, so that their constant ratio is k. 
Pi| . 6 
The collineation thus characterized is termed similarity of 
systems in similar position. According as k is positive or 
negative, real or imaginary intersection-point of the parobola, 
the similarity is said to be direct or inverse similarity. ' 
(<?). If to the former case the further condition k — — i is added, 
the relation becomes 
k = ( C oo A A a ) = ( c oo aa 1 ) = — i , or 
C A = : C A i . 
The conies K and K 1 have two. imaginary intersection-points 
and are equal ( K and K 1 invFig. 6.). Corresponding points are 
in opposite directions and at equal distances from the centre. 
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Systems related in such a manner are said to be in central symme-
try. 
The value k==--j-1 together with an infinitely distant axis gives no 
collineation in the proper sense of the word. In this case the two 
conies K and K 1 coincide and determine what is called an identical 
collinear transformation. W e shall meet this conception in one yet 
of the following chapters. 
Assuming the conies K and K 1 as coaxial parabolas, and 
tangent at their vertices, two collineations arise according as 
the line at infinity or the finite common tangent is taken as the 
axis of collineation. In the first case the finite point of tangency 
of the parabolas is the centre of collineation. As is easily seen the 
relation of corresponding points becomes that of similar systems 
in similar position. In the second case the centre of collineation 
is the infinitely distant point of the common axis of the parabolas, 
Fifr 7 
and its direction is orthogonal to the axis of collineation (the com-
mon finite tangent of the parabola). This , however, is orthogonal 
affinity. Adding the condition k=—1 the two cases represent 
central and orthogonal symmetry. 
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(/). The two conies K and K 1 may be represented by degenerate 
parabolas, i . e., by straight lines which coincide. Centre and axis 
of collineation are at infinity, and as they are coincident it follows 
from k = ( oo oo A A 1 ) k = + i . The two systems are therefore simi-
lar and in similar position; in the relation of dilation and of 
corresponding equal areas. Hence they are congruent. H o w 
the construction of corresponding points is made is seen from 
F i g . 7. Let V 00 and V 1 00 represent the two coaxial parabolas. 
To a point A the corresponding A 1 is found by drawing A V and 
00 . 
A C parallel to V V 1 (the two tangents to the conic V V 1 ) "and 
intersecting A C by the parallel to A V through V 1 . ( A V and A C 
intersect the axis of collineation, or the line at infinity in two 
points. The tangents from this point to the conic V 1 00 are A ^ V 1 
and A ^ ) . W e add this construction here in order to show that 
also in the case of singularities the construction is applicable. 
W e have now seen that all the common cases of perspective 
collineation are expressed by the characteristic constant k together 
with the positions of the centre and axis of collineation, or result 
from certain positions and relations of the two conies. What 
remains yet to consider are the so-called pseudo perspective collinea-
tions. * 
F^. a. 
Here to one point may correspond a whole system of points and 
vice-versa. These singularities can be classified according to 
*Prof. Newson introduced the term pseudo transformation into geometry. Singular 
perspective collineations can therefore also be called pseudo perspective collineations. 
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k=o, k- f 00, k = — o 
(g). For k=o take for K any conic tangent to 1, and for K 1 a 
degenerated ellipse E F in 1 and tangent to K 1 . Obviously q 1 lies 
in 1 and C in V (Fig. 8), hence k=o. As the construction shows, 
to each point A of the plane corresponds a point A 1 of the axis. 
Conversely, to each point A 1 , except the points of 1, corresponds 
the centre C, i . e., the whole plane of the other system corresponds • 
to the centre C. To each ray g through C corresponds its point 
of intersection with 1. 
(/*). For k = 00 results an analogous case in which r coincides 
with 1 and C with q 1 . 
(7). For k = — , centre, axis, and counter-axis of collineation are 
coincident and the conics K and K 1 indeterminate. The points of 
each system correspond to the centre C. To each straight line in 
either system corresponds the axis 1 and to each ray through the 
centre in one system all the rays through the centre in the other 
system. 
(k) *The last important case which is to be considered here is 
characterized by k = + i and the centre C in the finite part of the 
axis 1. The counter-axes q 1 and r are opposite and equidistant 
from 1. These conditions are realized by two conics K and K 1 
related by involution, but of which one conic is revolved about the 
axis of collineation into the half plane of the other. After having 
revolved one half-plane into the other, one or two common tan-
gents of K and K 1 coincide with 1. The center C becomes accord-
ingly the intersection-point of the other common tangent with 1, or 
the common point of tangency of K and K 1 . In the first case the 
two conics have a contact of the second, in the other a contact of 
the third order. If no special assumption about the position of 
the centre and the conics is made the two conics wil l be in double 
contact, if, however, the connection line of the centre and the point 
of tangency of the conics in involution is perpendicular to the axis 
1 the case of a triple contact arises. Figs. 9 and 10 illustrate these 
two cases. 
What has been found here by logical deduction from the laws of 
collineation can also be proved by assuming one conic tangent to 
1, the center on 1, the counter-axes q 1 and r opposite and equidis-' 
tant from 1 and by constructing the corresponding conic. As the 
*This is what Sophus Lie in his "Vorlesungen ueber continuierliche Gruppen" calls 
elation. In accordance with Lie we put this case at the end of the classification. 
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above cases are of great importance in the theory of groups, we 
state them again in a theorem: 
K 
Theorem 4. Two conies with a contact of the second or third order 
determine a perspective collineation with the common tangent at the 
point of contact as its axis and a finite point in the axis as its centre * 
The centre is, of course, in both cases determined by the two 
conies and is found as indicated above. In fact the two cases are 
alike and thus it was not necessary to distinguish them in the 
above theorem. 
§3. Number and Invariant Properties of Perspective 
Collineation. 
From the preceding development it is known that each two conies 
tangent to each other determine a perspective collineation with the 
common tangent at their point of tangency as the axis and the 
intersection-point of their two other common tangents as the centre 
of collineation. As there are oo3 conies tangent to a straight line 
at a certain point, ^ o o 3 ( o o 3 — i ) — o o 6 pairs G f Conics tangent to 
each other and to the line at that point can be formed, hence, just 
as many collineations. But there are discrete groups among these 
pairs which represent the same collineation. For, as a perspective 
collineation is also determined by the centre, the axis, and two 
corresponding points, it may be represented oo«* times by pairs out 
of those 006. Hence, there are co« : 0 0 ' * — oo* pairs representing 
different perspective collineations. Taking all the points of the 
axis as points of tangency for pairs of conics determining a per-
*Our theorem involves the fifth type of Lie's table, page 66, '•Oontlnuierliche 
Gruppen." 
E M C H : PROJECTIVE GROUPS. 15 
spective collineation, we obtain 006 • o o i — oof such pairs, or per-
spective collineations; but we have seen above, that among these 
are 00* that represent the same perspective collineation. Hence, 
there are only co i : oo^=:oo3 different collineations left having a 
certain straight line of the plane for their axis. From this follows 
that to each pair of tangent-conics of a system confined to a certain 
point of the axis corresponds a pair of tangent-conics of a system 
confined to any othef point of the axis. As to the other perspective 
collineation of the plane it is sufficient to say that there are 
c»3 X a>2= 0 0 6 different perspective collineations in a plane;-each 
straight line of the plane giving oo3 such collineations. But it is 
obvious that each of those oo 2 systems has the same properties as 
any of the rest; each and any configuration of the one system can 
be made coincident with a certain configuration of any of the 
other systems. It is of no importance for our purpose to study 
up relations between two different systems in a general position. 
However, we shall have to consider two different systems with a 
common centre. 
This relation occurs in the study concerning the invariant 
properties of perspective collineations. Here we have to consider 
the collineations in regard to those elements which by all collinea-
tions do not change their position, or even remain invariable in 
their intermediate parts and as a whole. Such elements are said 
to be invariant in the collineation. We found that there are oo3 
perspective collineations belonging to a straight line as their axis. 
Hence .the 
Theorem 5. There are 00s perspective collineations leaving the points 
of a straight line invariant. 
Dualistically a point and the invariant rays through it, or the 
centre of collineation, can be taken as the invariant element. The 
co2 straight lines of the plane and the characteristic anharmonic 
ratio combined with the centre give also oo3 different perspective 
collineations with the same centre, and we have therefore, 
Theorem 6. There are 00& perspective collineations leaving the rays 
through a point invariant. 
This is the relation between two collineations with a common 
centre to which we drew attention while considering all the 
* 
perspective collineations of the plane. 
The next invariant element to be considered is the line-element,* 
or a straight line and a point on it. 
*See Lie's definition of it in his " Vorlesungen," page 202. 
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To this line-element all the perspective collineations can be 
constructed which contain it as an. invariant element. This can be 
done in two ways, first by taking the point as the centre and the 
line through it as an invariant ray of the perspective collineation, 
second by assuming the point as a point of the axis and the ray 
through it as a ray through the indeterminate centre of the colline-
ation. By the same reasoning as before we find that in each case 
oo3 perspective collineations have a line-element in common. The 
two cases are in a dualistic relation and may be expressed in the 
Theorem y. There are ^perspective collineations leaving a line-
element invariant. 
Combining a line-element with either the points of a straight 
line or the rays through a point as the invariant figure, two other 
cases are obtained. If the points of a straight line and another 
straight line through one of these points are invariant, the centre 
of collineation may be any point on that other invariant line. This 
gives ooi centres, and one on the same line as the axis of collinea-
tion. Adding to each centre two corresponding points, or what is 
the same, a characteristic anharmonic ratio, the number of per-
spective collineations is multiplied by oo*, so that oo& perspec-
tive collineations satisfy the given conditions. Hence the 
Theorem 8. There are ^perspective collineations leaving the points 
of a straight line and another straight line invariant. 
In the dualistic case, where the rays through a point and an-
other point on a ray through the first point are invariant, the axis 
of collineation may be any straight line through that other invari-
ant point. This gives oo* axes and one and the same point as the 
centre of collineation. 
Adding to each axis two corresponding lines, or, what is the 
same, a characteristic anharmonic ratio, the number of collinea-
tions is multiplied by o o i ? so that oo2 collineations satisfy the 
given conditions. Hence the 
Theorem Q. There are oo 2 perspective collineations leaving the rays 
through a point and a?iother point on one of the rays through the first 
point invariant. 
Finally there exists a system of collineations in which all points 
of a straight line and all rays through a point are invariant. Here , 
a special collineation is simply characterized by two corresponding 
points, or the characteristic anharmonic ratio. There are just oo* 
such collineations. This result may be stated in the 
Theorem 10. There are 00 * perspective collineations leaving the 
points of a straight line and the rays through a point invariant. 
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If the straight line is a priori supposed to be the axis, the state-
ment: there are perspective collineations leaving the points 
of a straight line invariant is not entirely logical. Making this 
assumption it is self-evident that the points of the axis are invari-
ant. The same may be said in regard to the centre of perspective 
collineations. The reason for putting the above theorem into this 
form is to have conformity with the statements in the cases of 
general collineation. See for this remark Lie's " Vorlesungen," 
table of groups, pages 288-291. 
After having found the number and invariant properties of the 
general perspective collineation the special perspective collineations 
as classified in the previous chapter can be subjected to the same 
investigation. As before, only one system out of the 002 Q f the 
plane shall be taken into consideration. Following the division 
given in the classification, §2, we have first the involution. It is 
determined by the centre and axis, since k=—1 and, hence, there 
are just as many involutions belonging to a straight line as an axis, 
as there are points (centres) in the plane, i . e., Hence there 
are co^ involutions leaving the points of a straight line invariant 
and dualistically co2 involutions leaving the rays through a point 
invariant. The same numerical result is found in regard to a line-
element. But there is only one involution leaving "the points of a 
straight line and the rays through a point invariant. What has 
been said about the involution holds in general for a whole sys-
tem of collineations with a constant characteristic anharmonic 
ratio. 
Dilat ion is characterized by an infinitely distant centre and a 
characteristic k varying from — w to + oo ; and includes oblique and 
orthogonal symmetry (k——1). The centre may be one of the oo* 
points of the line at infinity, and since k can assume 00* values, 
there are & 2 dilations which leave the points of a straight line' 
invariant. The dualistic interpretation of dilations leaving a point 
at infinity invariant, respectively a pencil of parallel rays, does not 
lead to the same numerical result. 
A certain direction, i . e., the centre at infinity, being given, the 
c » 2 straight lines and 001 values of k may be combined to form 
dilations. Hence, there are 00* dilations leaving a point at infinity 
invariant. Taking a point of the axis and a ray through it as a 
line-element, it follows that there are & 2 dilations leaving a line-
element invariant. 
B y the same reasoning as in the general case we find that there 
are oo 1 dilations leaving the points of a straight line and another 
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straight line invariant. There are, however, oo^ dilations in which 
the rays through the centre and a finite point in one of these rays 
are invariant. 
If k = — i dilation becomes oblique and orthogonal symmetry. 
Obviously there are oo* such symmetries leaving the points of a 
straight line invariant. On the other hand there are oo2 (straight 
lines of the plane) symmetries leaving one and the same point at 
infinity invariant. There is only one symmetry belonging to a 
line-element. 
Revolving one system of axial symmetry through 180 0 , k be-
comes - f - i , a n d the centres move to infinity in the direction of the 
axis. The relation is that of figures of equal areas, and the num-
ber of such collineations is <»*. For, taking a line parallel to the 
axis, or, connecting two corresponding points A and A 1 , one and 
the same collineation is determined by any two points A and A 1 
which include the same length A A 1 . This gives oo* different 
collineations leaving the points of a straight line invariant. 
In the case of similarity the axis is at infinity, the centre finite, 
and k ranges from — o o to + °°> t h l l s including central symmetry. 
TheooS positions of the centre together with oo1 values of k give 
oo 3 similarities leaving the points of the line at infinity invariant. 
The centre of similarity may lie on a finite straight line and since 
each finite point of the plane represents oo* similarities, there are 
oo* similarities leaving the points of the line at infinity and another 
straight line invariant (line-element with its point at infinity). 
Taking the point of the line-element in the finite part of the plane, 
there are just oo 1 similarities leaving this line-element, or also a 
point invariant. 
A l l similarities with k = — i are, as it is known, central symme-
tries. As k = — i their number is oo 2 . 
Assuming the centre of similarity at infinity, k becomes - f i and 
the collineations are congruences. A congruence is determined 
by the direction of its centre and two corresponding points which 
subtend the same length. As there are oo* directions and sects 
in the plane, the number of congruence in the plane is oo 2. A l l of 
them leave the line at infinity invariant. The number of perspec-
tive collineations belonging to a certain direction, or leaving the 
centre at affinity invariant, is 001. 
The pseudo-collineations which are characterized by k=o, oo , - ? , 
o 
have as their numbers oo 2 , oo 2 , oo*, respectively. In all three cases 
the axis is the invariant element. 
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I n the case of the relation of K and K 1 being i n a contact of the 
second or th i rd order, each point of the axis as a centre gives oo* 
perspect ive coll ineations (determined by the centre and the oo 1 
corresponding points subtending different sects). Hence , the 
po ints of a straight l ine are invariant for oo 2 such coll ineations. 
D u a l i s t i c a l l y , the rays through a point are invariant for 0 0 2 such 
co l l ineat ions . I n other words there are oo 2 of those coll ineations 
l e a v i n g a l ine-element invariant and again, there are co* such 
co l l ineat ions leav ing the points of a straight and the rays through 
a po int on this l ine invariant. 
W e have now investigated a l l the properties relating to number 
a n d invar iants of the general and special perspective coll ineations 
w h i c h are essential from the standpoint of the theory of groups. 
I n the next chapter we w i l l consider some of the infinitesimal 
propert ies of perspective coll ineations. 
§ 4 . Identical and Infinitesimal Transformation and W-Curves 
of Perspective Collineation. 
T h e axis and centre of perspective col l ineation being given, oo 1 
perspect ive col l ineations can be determined which leave these 
e lements invariant . E a c h of these collineations is determined by 
the characterist ic anharmonic ratio, or a pair of conies K and K 1 
t o u c h i n g the axis at the same point and having for the other 
two common tangents two rays through the centre. As is 
k n o w n from §3 there are 001 such pairs or different collineations. 
If espec ia l ly the two conies K and K 1 coincide, the col l ineation is 
an ident i ca l one. A l l the conies tangent to the axis at a certain 
po int and tangent to two fixed rays through the centre may be 
taken for the representatives of the identical col l ineation. A n 
inf in i tes imal co l l ineat ion differs from an identical col l ineation 
by an inf inites imal amount, i . e., a point and its corresponding one 
have an inf initesimal distance and two corresponding lines inc lude 
an inf in i tes imal angle. Thus , in order to obtain the infinitesimal 
f rom the ident ical col l ineation we have to choose for K 1 the conic 
in f in i te ly close to K i n the same system. T h i s conic shal l be 
designated by 8K. Accord ing to this proposition a point A is 
transformed into A - j - S A , and a l ine a into a-f8a. 
A and A - f 8A lie on a ray through the centre, and a-f-Sa intersect 
each other in a po int of the axis. A p p l y i n g a whole system of 
in f in i tes imal perspective coll ineations to each other and in a certain 
succession, an integral , or finite, perspective col l ineation is obtained. 
In this operation the corresponding point A 1 to A starts from A 
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having the direction to the centres and describes a certain curve 
which passes through the centre. A n y point A 1 , or J "A + 8A, as 
corresponding to A in regard to the conics K and j*8K, l ies w i t h 
A on a ray through the centre. The curve w h i c h A 1 describes is 
therefore a straight l ine through the centre and is invariant for a l l 
perspective coll ineations of the system. 
Since any conic tangent to the axis may serve to determine a 
perspective coll ineation wi th a given centre, axis, and character-
istic k, it is obvious that there is only one infinitesimal perspective 
collineation belonging to a centre and an axis, or leaving these two 
elements invariant. B y integration a l l the co* finite perspective 
collineations may be obtained which leave the points of a straight 
line and the rays through a point invariant. 
F r o m the fact that the centre and axis determine an inf ini tes imal 
perspective coll ineation, it follows that there are oo2 inf ini tes imal 
perspective collineations either leaving the points of a straight l ine , 
or the rays through a point invariant. T h e integration gives in 
both cases the oc>3 finite perspective col l ineations leaving the same 
elements invariant. Moreover, it follows that the plane has oo* 
infinitesimal perspective coll ineations w h i c h by integration give 
the oo5 finite perspective collineations of the plane. 
It is not necessary to enter into a study of the in f in i tes imal 
perspective coll ineation of the special cases, because the result is 
essentially the same. It is sufficient to ment ion that the co l l ineat ion 
having the centre in its axis and the characteristic k = - f 1 has 
simply co* infinitesimal collineations leaving the points of the axis 
invariant. B y integration the oo 2 finite coll ineations of this k i n d 
are obtained. 
In this last case as we l l as in the general case the whole of W -
curves* consists of the pencil of rays through the centre. T h i s 
pencil becomes a penci l of paral le l rays if the centre is at in f in i ty , 
as it occurs in some of the special cases of perspective co l l ineat ion . 
W e have here found the same result as L i e in his " V o r l e s u n g e n 
on pages 69 and 70. 
§5. Groups of Perspective Collineations, 
Suppose a system of perspective coll ineations which is restr icted 
by certain conditions, for instance, such as to leave given elements 
or combinations of elements invariant, or to be characterized by a 
**« W-0urven, " or " selbstprojectiveOurven " In Lie's Voriesungen, page 68. 
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special value of the characteristic anharmonic ratio. B y any of 
the perspective col l ineations belonging to such a system a point A 
is transformed into A 1 . T a k i n g another collineation of the same 
system and A 1 as an original point in it, the corresponding point w i l l 
be A M . Whenever now A and A M are related in such a manner as to 
be a col l ineation of the given system, i . e., subject to the same 
condit ions, and, inversely, if each point A 1 can be transformed 
back into its corresponding A by a collineation of the system, 
such a system of collineations is said to be a continuous group of 
col l ineations, or s imply a group of collineations. B y this state-
ment it is easy to enumerate the groups which may occur in the 
general and special cases of perspective collineations. W e may, 
however, occasionally avai l ourselves of a theorem of L i e concern-
i n g a criterion of groups by means of invariant properties of 
transformations. T h e theorem is : 
" T h e system of a l l projective transformations of the plane 
leaving a certain figure invariant has the property of a group. 
T h e transformations of the system are inverse by pa irs . "* 
In enumerating the groups we follow the order of chapters 
2 and 3. T h u s , we have first to consider the general perspective 
col l ineations. In F i g . 11 we assume 1 as the axis common to oos 
perspective coll ineations of the plane and two collineations of this 
system determined by ( C L A A 1 ) and ( C 1 L 1 A ' A M ) , or (claa 1 ) and 
( C j l a ' a " ) respectively, where C and Ct are the centres of the two 
perspective col l ineations. The transformed point to A in the first 
co l l ineat ion is A 1 and the transformed point to A ' in the second 
col l ineation A M . T a k i n g an other point B on a, the points B ' and 
B M can be constructed, or in general, to each point on a there 
are coresponding ones on a f and a M . 
N o w the point-range A B . . . . i s perspective to the point-range 
A ' B 1 . . . . w i th C as the centre and, again, A ' B ' . . . . perspective to 
the point-range A M B M . . . . with Ct as centre. The three ranges 
have a self-corresponding point, S, on 1. Hence , the point-ranges 
A B . . . . and A M B M . . . .are 'also perspective, i . e., A A M , B B ' \ . . . 
pass through one and the same point C n which obviously may be 
taken as a new centre of collineation with 1 as an axis, and A , A " ; 
B , B n ; . . . . a s coresponding points. As is immediately seen, to 
each transformation in a perspective coll ineation may be found its 
inverse belonging to the same system. W e have therefore the 
Theorem if. The system of all perspective collineations leaving the 
points of a straight line invariant forms a three-termed group. 
*Lie's Vorlesungen, " page 113. 
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A collineation resulting from two other col l ineations is related to 
these in such a manner that the three centres l ie in a straight l ine . 
F o r , considering the triangles A B C a n d AnB"Ct, it is seen that 
F i g , 1 1 . 
their corresponding sides intersect each other in three points 
S, B ' , A \ of a' , or that the triangles are homologous. H e n c e 
A A " , B B M , C C t , intersect each other in a point, in the centre C M 
of the third collineation. Hence C, Ct, C M , l i e in a straight l ine . 
This fact leads us at once to a sub-group of perspective co l l ine -
ation. B y choosing the centres of perspective col l ineation constantly 
on a straight line the centre of a col l ineat ion result ing from two of 
these collineations is a point of the same, line. T o each perspective 
collineation may also be found its inverse be longing to the same 
system. F r o m §3 is known that there are co 2 such col l ineations 
and we have therefore: 
Theorem 12. The system of perspective collineations leaving the 
points of a straight line invariant forms a two-termed group. 
Without needing a direct proof the fo l l owing dualistic statements 
of the two preceding theorems can be made: 
Theorem ij. The syste?n of all perspective collineations having the 
rays through a point invariant forms a three-termed group. 
A n d 
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Theorem 14. The system of all perspective collineations leaving the 
rays through a point and another point in one of these rays invariant 
forms a two-termed group. 
F o r a proof of these theorems we refer either to L ie ' s theorem at 
the beginning of. this chapter, or to the first proof of theorem 
11. I n the dual ist ic case the reasoning is exactly the same. 
There is another three-termed group of perspective collineations, 
w h i c h is obtained by a special interpretation of the groups which 
leave the points of a straight l ine or the rays through a point 
invariant . T h e line-element, the point in which is taken as the 
centre, as an invariant figure, is equivalent wi th the rays through 
the centre. T h e system of collineations is therefore in both cases 
the same. O n the other hand the point of the line-element may 
be a point of the axis. T h e invariant configuration is therefore 
that of the points of a straight l ine and another straight line. B u t 
the axis may be any of the rays passing through the point 
of the line-element, so that the number of perspective collinea-
tions is 00 3 as before. Thus , the 
Theorem 75. All the perspective colli7ieations leaving a line-element 
invariant form a three-termed group. 
T h e next and last sub-group of perspective collineation con-
cerns the points of a straight line and the rays through a 
point as the invariant configuration. As usual let the point(centre) 
be C and the l ine (axis) 1 and two collineations represented by 
( C L A A ' ) and ( C L 1 A 1 A 1 I ) . A p p l y i n g the second collineation to 
A ' , the corresponding point A 1 1 of A ' is obtained which lies upon 
the same ray through C, as A and A ' . The new collineation is 
therefore represented by ( C L A A M ) , i . e., by a collineation of the 
same system. Since each of these collineations and its inverse 
be long to the system the fol lowing statement may be made: 
Theorem 16. All the perspective collineations leaving the points of a 
straight line and the rays through a point invariant form a one-termed 
group. 
The groups of perspective collineation are also easily obtained 
by the configurations i n space. 
Assume the two planes TT and T T ' intersecting each other in 1, and 
a centre (C) without these planes as a perspective collineation in 
space. D r a w i n g the bisecting plane irA of TT and T T ' and a perpen-
d icu lar from (C) to the bisecting plane, intersecting TT and T T 1 in C 
and C f , respectively, these two points w i l l coincide when one of 
the planes T T , or T T 1 is revolved into the other about 1 as an axis. 
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F r o m this we see that the line 1 is inyariant for every perspective 
collineation having any point of space as its centre. The 
number of such collineations is co3. A point C and a line 1 are 
invariant for oo 1 such collineations, for there are oo 1 centres, (C) , 
on the perpendicular to the plane irt in C, and oo 1 planes through 
the perpendicular. A plane through such a perpendicular inter-
sects 7T and 71-' in two lines, which after revolving one plane into the 
other become an invariant line. A s there are oo 2 points (centres) 
in the plane perpendicular to ir19 the points of 1 and another 
straight line wi l l be left invariant by oo^ perspective collineations. 
In this manner we can successively deduce a l l the groups from 
intuition in space. W e shall not carry on the enumeration of the 
other groups by this method; it is sufficient to have shown the 
possibility of this method, which in fact is identical with the other. 
In the general case we had considered the oo3 perspective co l -
lineations leaving the points of a straight line, and, dualistically, 
the rays through a point invariant. E a c h collineation of the 
system is characterized by a certain anharmonic ratio. T w o 
perspective collineations with the characteristics k and kt applied 
one to the other determine a new perspective collineation of the 
same group, whose characteristic may be designated by k. N o w 
it is known that k M is an algebraic relation between k and k t , say: 
k ' »=f (k, kt). 
Suppose now that two perspective collineations of the same 
characteristic applied one to the other produce a perspective col -
lineation with the same characteristic, such that 
k " = f ( k M , k M ) . 
If this relation shall hold for a l l values of k M , it must be an 
identical one; i . e., k n ==k n , as it occurs in the identical perspective 
collineation. From this we conclude that in general a system of 
perspective collineations with a constant characteristic does not 
form a group. From the above relation we can find the special 
values for which 
k " = f ( k M , k M ) 
by resolving the equation 
k M — f ( k M , k " ) = o . 
It is therefore necessary to know the form of f (k, k 1 ) . 
F o r this purpose we consider the three perspective collineations 
( C L A A 1 ) , ( C ^ j A ' A " ) , ( C M L t , A A l ' ) , of which the last results 
from the two others as described before. 
The sides of the triangle A A ' A 1 1 are intersected by two trans-
versals 1 and the line joining the centres C, C 1 , C n . Thus , 
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according to the theorem of Menelaos we have the relations: 
( 0 -
(2) . 
(3) . 
(4> 
L A • L 1 A ' • L " A " = L A ' • L , A " • L " A , or 
L A L , A ' L " A , . ., 
L A 7 " U^=J7W-" a n d i n t h e S a m e W a y : 
C A • C t A ' • C " A " = C A ' • C j A " • C ' A , or 
C A . C t A ' _ C " A 
C A ' C , A " C " A " 
D i v i d i n g (4) by (2) we have 
C A . C , A ' 
C A ' C , A " 
L A . L t A ' 
L A ' L j A " 
C r ; A 
C"A" 
L " A 
L " A " 
or 
( C L A A f ) ( C 1 L 1 A A J , ) = ( C M L M A A ' ' ) 
Des ignat ing the characteristics respectively by k, kv k M , we find 
the required fundamental relation in the form: 
k " = k . k 3 
If these three characteristics are equal, say equal to k, the 
re lat ion becomes 
k = k 2 , or 
k * — k = o ; 
W h e n c e either k = o , or k = - f i . Exc luding the singular case 
k = o we can therefore say, that only those perspective co l -
l ineations with a constant characteristic are liable to form a group,, 
for w h i c h k = - f - i - If a perspective collineation ( C L A A ' ) = k is 
given we find its inverse ( C L A f A ) = - ^ - , which is a number of 
the same k i n d . Thus , to each perspective collineation we cam 
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find its inverse. In the construction this fact is self-evident. If 
the characteristics of two perspective coll ineations are of the same 
sign the sign of the resulting third perspective collineation is 
always positive; if they are of a different sign, the sign of the 
third is always negative. F r o m this we conclude, as we know 
already, that the system of involutions does not form a group: 
— i X — I = + I . 
Among the general cases of perspective coll ineations we have to 
study the system of dilations in the first place. The centres are 
a l l at infinity. Hence we have only the relation 
L A L , A ' L 1 ' A 
L A ' L j A " L " A " ' 
C A C t A ' C " A 
C A 1 C j A " C " A " 
The characteristic k M of a dilation result ing from two other 
dilations of the same system is therefore expressed as before 
k " = k . k r 
T o each dilation can also be found its inverse , so that the 
respective characteristics are k and . T o sum up we can say: 
Theorem 17. The system of dilations leaving the points of a straight 
line invariant forms a two-termed group. 
If the centre at infinity and the axis are kept fixed the dilations 
differ according to their characteristics. A , A ' ; A ' , A M being two 
pairs of corresponding points on a ray through the centre at inf in-
ity, A , A M , w i l l be the corresponding pair of the resulting di lat ion, 
and there is evidently 1 
L A L A ^ _ _ L A _ 
L A 1 ' " L A " — L A , ? ° r 
k • k 1 = k M ; i . e., 
the third dilation belongs to the same system. As there are 00* 
such dilations we have 
Theorem 18. The system of dilations leaving the points of a straight 
line and a point at infinity {centre of dilation) invariant forins a one-
termed group. 
The same is true for the system of di lations leaving the points of 
a straight line and another straight line invariant. 
The dualistic interpretation, however, does not lead to the same 
result. From the general case it is known that a l l the collineations 
leaving the rays through a point invariant form a three-termed 
group. If this point is at infinity the collineations are di lat ions. 
Hence the 
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Theorem 19. The system of dilations leaving the rays of a parallel 
pencil of rays invariant forms a three-termed group. 
Theorem 20. The system of dilations leaving the centre of dilation 
and another finite point invariant forms a two-termed group. 
The one-termed dualistic group of dilation is the same as the 
original one; this group is self-dualistic. 
In the oblique and orthogonal symmetry, which is dilation 
with k=—1, thpre is no group, for two symmetries applied one 
to the other give a collineation with the characteristic k=-f 1, 
( _ I X — I = + I). 
In the case of dilation with k=-|- i the centre is at infinity in the 
direction of the axis. As is known from §3, this is the relation of 
corresponding equal areas. Two points, A, A ' , on a ray parallel 
to the axis determine the relation 
00A 
=+x . 
00 A 1 
Taking A \ A " as a corresponding pair in another collineation of 
this kind, 
"O^A7^ 
k = - -77 ; -= 4-1, we obtain 
1 00 A " 
0 0 A 00 A ' ODA 
: • = = + T ? or 
OOA' O O A M OOA" 
( + I ) X ( + I ) = + I . 
Thus the 
Theorem 21. ' The system of perspective collineations characterized 
by corresponding equal areas and leaving the points of a straight line 
invariant forms a one-termed group. 
In discussing the relation k H = k . k, it was pointed out that there 
are groups with the characteristic k = - f i - This assertion is now 
proved; but we yet shall find other groups with the characteric 
k = + i . 
Instead of the line joining the centres we can suppose the line 
1 of a system of perspective collineations to be at infinity. In this 
case we have similarity which is expressed by 
C A C T A ' C A 
. Zl — , or again 
C A ' C . A " C A " 6 
k " = k . k r 
Just as in the case of dilations, to each similarity can be found 
its inverse belonging to the same system. There are oo3 such simi-
larities, therefore 
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Theorem 22. The system of similarities leaving the points of the line 
at infinity invariant forms a three-termed group. 
If the centres C, C t , C M , are confined to a straight l ine the 
theorem follows: 
Theorem 23. The system of similarities leaving the points of the line 
at infinity and on another straight line invariant forms a two-termed 
group. 
If the axis at infinity and the centre are kept fixed, the similarities 
differ according to their characteristics. A , A 1 ; A ' , A M being two 
pairs of corresponding points on a ray through the centre, A , A M 
w i l l be the corresponding pair of the resulting similarity , and there 
is evidently: 
C A C A ' _ C A Q r 
C A r * C A ! , — C A " ' ° r 
k . k , = k " , i . e., 
the third similarity belongs to the same system. As there are 00 * 
such similarities we have 
Theorem 24. The system of similarities leaving the line at infinity 
{axis of similarity') and the rays through a point invariant forms a one-
ter?hed group. 
The same is true for the system of similarities leaving the rays-
through a point and • another point (on the line at infinity) 
invariant. 
In central symmetry to the similarity is added the condit ion 
k = — 1. Central symmetry as wel l as oblique and orthogonal 
symmetry does not form a group. 
If the centre of similarity is at infinity we have congruence in 
which k = - f i - T a k i n g A , A ' and A 1 , A M as corresponding pairs, 
i n two congruences, A , A M w i l l be a corresponding pair in a th i rd 
perspective collineation, resulting from the first two. There is 
00A 00A 00 A 
As there are 002 s u c h collineations we have the 
Theorem 25. The system of congruences leaving the points of the line-
al infinity invariant forms a two-termed group. 
Supposing A , A ' , A , f in a straight l ine, the above relation s t i l l 
holds. The system of congruences has i n this case a fixed centre 
at infinity and consists of oo 1 congruences. Hence 
Theorem 26. The system of congruences leaving the points of the line-
al infinity and the rays of a pencil of parallel rays invariant forms a-
one-termed group. 
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O n account of the conspicuity in which the character of a group 
appears in the groups of congruences, we give an i l lustrat ion i n 
F i g . 13. 
The pseudo-perspective collineations which have the character-
istic k = o , = 00 , =*— may conveniently be represented i n space. 
T h e cases arise when the centre of collineation is in either one of 
the planes TT and T T ' , If the centre (C) is in TT then ( C L A A ' ) = 
(CLRoo ) = ( C L C 00 )=o . Every point of TT' is projected into C. 
T a k i n g C as a point of T T 1 (by revolving the plane TT about the axis 
1 into T T ' ) and performing the projection for another centre, say 
Ct in TT, the point C is projected into C r But the points i n T T 1 and 
C may be taken as a new pseudo-collineation of the system. The 
same can be said if the centre ( C ) is in T T ' , or if ( C , L A A , ) = 
(C'Loo C , ) = ± o o . T h e inverse of a collineation for both cases 
k = o and k = oo is indefinite, but as the other conditions for a group 
are satisfied, we may say that the pseudo-perspective collineations 
wi th either the characteristic o or oo form a two-termed group. 
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In the pseudo-perspective collineation with the centre in the axis 
and k indefinite there is no group at a l l . 
W i t h this we close the study of groups of perspective col l inea-
tions, perspective collineations taken in its common meaning, and 
proceed to that particular kind of perspective collineations in which 
centre and axis coincide and k= -| - i . T h i s k ind of collineations 
might be considered as the supplement of involution. For , the 
involution being obtained by revolving one plane, say 7r, into the 
other 7T 1 through an angle of a 0 , the collineation in question is 
obtained by revolving TT into T T ' through 180—a. According to L i e 
(page 202 of his " Vorlesungen ") we may cal l this collineation an 
elation. 
But here the word does not mean entirely the same as in L i e ' s 
definition. W e use it here only as a convenient word to express 
those collineations. 
In F i g . 12 C and L , C-j and C 2 ; C M and L M coincide, so that the 
characteristic of an elation is - f 1 ? 
The fundamental relation is 
( + I ) X ( + X ) = + I 
and since there are 002 elations restricted to a line we have 
Theorem 27. The system of elations leaving the points of a straight 
line invariant forms a two-termed group. 
and dualistically: 
Theorem 28. The system of elations leaving the rays through a point 
invariant forms a two-termed group. 
Taking A , A ' , A M on the same ray throngh the centre, there is 
C A C A ' C A 
C A ' * T ^ ^ ^ C A 7 * 1 ' 
and the same is true for L A , L A ' , and so on, since L coincides with 
C. 
Therefore the relation as above: 
( + i ) X ( + 0 = + i . 
Theorem 29. The system of elations leaving the points of a straight 
line and the rays through a point invariant forms a one-termed group. 
The centre of elation can also be considered as the point of a 
line-element. F r o m this point of view we have another theorem. 
Theorem 30. The system of elations leaving a line-element invariant 
forms a two-termed group. 
Summing up, the following groups of perspective collineations 
are possible. (The Roman numerals denote the types of trans-
formations as given in L ie ' s " Vorlesungen iiber Continuierl iche 
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G r u p p e n , " page 510 to 512, to which the groups belong, and the 
A r a b i c numerals in brackets denote the numerals of the groups in 
L i e ' s table of projective groups of the plane (pages 288 to 291). 
A . T H R E E - T E R M E D . 
(1) . Invar iant line-element, I I I , (14). 
(2) . Invariant points of a straight line, I I I , (21). 
(3) . Invariant rays of a pencil , I I I , (22). 
B . T W O - T E R M E D . 
(4) . Invariant line-element, V , (24). 
(5) . Invariant points of a straight l ine and another invariant 
straight l ine, I I I , (32). 
(6) . Invariant rays of a pencil and another invariant point, 
H I , (33)-
(7 and 8) . See two-termed groups of type V . 
C . O N E - T E R M E D . 
( 9 ) . Invariant points of a straight line and invariant rays of a 
penc i l being not on the straight line, I I I , (38) . 
(10) . Invariant points of a straight l ine and invariant rays of a 
penc i l on the straight l ine, V , (39). 
A s groups of the special cases of collineations we have within 
the type I I I , the fol lowing: 
A . D I L A T I O N . 
(a). T H R E E - T E R M E D .— I n v a r i a n t rays of a pencil of parallel rays. 
( £ ) . T W O - T E R M E D . — ( 1 ) . Invariant rays of a pencil of parallel 
rays and another invariant point. 
(2). Invariant point of a straight line. 
(V). O N E - T E R M E D . — Invar iant points of a straight line and invari -
ant rays of a penci l of parallel rays. 
B . C O R R E S P O N D I N G E Q U A L A R E A S . 
(a). O N E - T E R M E D . — Invar iant points of a straight line. 
C . S I M I L A R I T Y . 
T H R E E - T E R M E D .— I n v a r i a n t points of the line at infinity. 
( ^ ) . T W O - T E R M E D . — Invar iant points of the line at infinity and an-
other invariant straight line. 
(V). O N E - T E R M E D . — I n v a r i a n t points of the line at infinity and 
invariant rays of a pencil . 
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D. C O N G R U E N C E . 
(a). TWO-TERMED.—Invariant points of the line at infinity. 
(^). ONE-TERMED.—Invariant points of the line at infinity and 
invariant rays of a pencil of parallel rays, J 
E. P S E U D O - P E R S P E C T I V E C O L L I N E A T I O N S . 
(1) . Two-termed pseudo-group. 
(2) . One-termed pseudo-group. 
In type V we have elations and under these the following groups: 
A . T W O - T E R M E D . 
(1) . Invariant line-element, (24). 
(2) . Invariant points of a straight line, (29). 
(3) . Invariant points of a pencil , (30). 
B. O N E - T E R M E D . 
Invariant points of a straight line and invariant rays of a penci l on 
the straight line. 
Final ly we wil l " add a formal representation of groups of per-
spective collineations in the plane. 
The whole plane contains 006 perspective collineations (combina-
tions of the oo2 straight line and the oo2 points of the plane = oo4, 
and oo1 values of the characteristic anharmonic ratio. Designating 
a general perspective collineation by the index c, an n-termed 
group by G t t and its dualistic by Tn, a self-dualistic group by H n , 
dilation by the upper index d, corresponding equal areas by a, 
similarity by s, congruence or translation by t, elation by e, and 
8 
the dualistic interpretation of the group G 2 d by T 2 , the following 
symbolic equations between the different groups and sub-groups 
of collineations exist: 
006C=002Gc3 +002r«3 + Oo3 HC3* + lG* 3 +00 1 I^+I H * 
Gc=ooiG| + i G ^ + i G | + i G f 
r c = 0 0 i r c + 0 0 i r 8 + i r e 
H c = oo 1 G^+oo 1 rc+i 
G 2 c = o o 1 H j 5 + i G f + 1 H * 
r j = oo1 H y + i H j 
*» 1 1 
G f ^ c o ' G f + i H t 
G ^ o ^ G f H - i H * 
*These 00 3 groups are all equivalent, especially oo 1 groups can always be made 
identical by a simple translation. 
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rd = a ) i r d + i H t + i r 8 2 
r d = M i r a + i H | 
i * = . » H o + i r ? + i H f 
H « = o o i H f 
* 1 
§6. Historical Sketch. 
T o show what position the subject of this dissertation occupies in 
geometry it w i l l be necessary to give first a brief account of the 
development of geometrical methods which gradually lead to 
the modern standpoint. Projective or synthetic geometry is 
essentially a product of the 19th century, though it is well known 
that Pappus and Menelaus found some very important theorems 
concerning projective properties many hundred years ago and that 
Desargues discovered the fundamental theorems of perspective 
and involution in the 18th century. 
T h e origin of projective geometry must be sought in the methods 
of descriptive geometry, which, by the achievements of Lambert 
and Monge, became at once very valuable in geometrical investi-
gation. The first classic work on projective geometry was Ponce-
let's "Trait6 des propri6t6s projectives des figures," which appeared 
in 1822. In this great treatise the properties of figures are inves-
tigated which are unaltered by projection, or which are invariant. 
Poncelet introduced the so-called central-projection with a per-
spective-centre and a perspective-axis into the consideration of 
plane figures. W h i l e in France the " new geometry " was chiefly 
promoted by Gergonne and Chasles, in Germany its fruitfulness 
was shown to the scientific world by the three great investigators, 
Mobius, Pli icker, and Steiner. The classical works of this period 
are: 
Mobius, Barycentrischer Calcul , 1827. 
Pli icker , Analytisch-geometrische Untersuchungen, 1828. 
Steiner, Systematische Entwickelung der Abhangigkeit geome-
trischer Gestalten von einander, 1832. 
Chasles, Aper fu historique sur 1' origine et le d^veloppement des 
m£thodes en g6om6trie, 1838. 
F r o m these times also dates the separation of the mathematicians 
into two schools. One of them, the synthetical school, was 
represented by Steiner, Mobius, v. Staudt, Schroter, and has as 
its present principal leaders: Durkge, Reye, Sturm, and Fiedler. 
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The other, the analytical school, has as its representatives: Pliicker, 
Hesse, Aronhold, Gordan, Cayley, and many others. 
Meanwhile the brilliant results of modern synthetic and analytic 
geometry have had a great influence upon pure analysis. The 
modern theory of functions was created, and by the investigations 
of Jacobi, Abel, Cauchy, Riemann, Hermite, and Weierstrass, it has 
reached a dominant position in almost all branches of mathematics. 
It became more and more a prevailing opinion that in fact the syn-
thetic and analytic methods in geometry are identical and it is now 
generally acknowledged that the two methods differ only in their 
formal representation. Fiedler in 1874 defined the homogeneous 
co-ordinates as anharmonic ratios which lead at once from 
synthetic to analytic, and from analytic to synthetic geom-
etry. The greatest step in overcoming the difficulties between 
synthetic and analytic methods was however taken by Klein and 
Lie about 1871. Klein in his "Erlanger Programm" clearly 
outlined the standpoint from which the problems of modern math-
ematics have to be considered. The fundamental idea of higher 
geometry is to find all the "groups" and to investigate their 
properties, i . e., to find geometrical truth. As to Lie, it is well 
known that the achievements of this great mathematician concern-
ing the theory of groups, since about 1874, influenced and still 
influence many of the most important fields of mathematics. 
The old conception of invariants is abandoned and its place 
has been taken by the conception of groups. 
In this paper it has been attempted to make a little contribution 
to geometry by applying the theory of groups to the well-known 
subject of perspective. In works on groups, which hitherto ha^M. 
been published, the treatment is almost exclusively analytical and 
it may be pointed out that our paper is the first bearing on groups 
in which the synthetical method is used. 
L ie divided all projective transformations into five types. Before 
the investigations of Lie were known, only two of these types have 
usually been treated, the general projective transformation (col-
lineation), and the perspective collineation. Our perspective 
collineations make up two of those five types: perspective, and 
elation. As has been said already in the preface, the other three 
types are being investigated in the same way by Prof. Newson. 
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